Complete analysis of measurement-induced entanglement localization on a 

three-photon system 
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We discuss both theoretically and experimentally elementary two-photon polarization entangle- 
ment localization after break of entanglement caused by linear coupling of environmental photon 
with one of the system photons. The localization of entanglement is based on simple polarization 
measurement of the surrounding photon after the coupling. We demonstrate that non-zero entan- 
glement can be localized back irrespectively to the distinguishability of coupled photons. Further, 
it can be increased by local single-copy polarization filters up to an amount violating Bell inequal- 
ities. The present technique allows to restore entanglement in that cases, when the entanglement 
distillation does not produce any entanglement out of the coupling. 

PACS numbers: 03.67.Hk, 03.67.Pp, 42.50.Dv 



I. INTRODUCTION 

Quantum entanglement, the fundamental resource in 
quantum information science, is extremely sensitive to 
coupling to surrounding systems. By this coupling the 
entanglement is reduced or even completely vanishes. 
In the case of partial entanglement reduction, quantum 
purification and distillation protocols can be adopted 
U 0> S BL HI- In quantum distillation protocols, en- 
tanglement can be increased without any operation on 
the surrounding systems. Using a collective procedure, 
the distillation probabilistically transforms many copies 
of less entangled states to a single more entangled state, 
using a collective procedure just at the output of the 
coupling Q. Fundamentally, the distillation requires at 
least a bit of residual entanglement passing through the 
coupling. 

When the coupling with the environment completely 
destroys the entanglement, both purification and distil- 
lation protocols can not be exploited. Hence another 
branch of methods like unlockingof hidden entanglement 
or entanglement localization [8l lij, [ToL [Til. [l2| must be 
used. In reference [7[ there has been estimated that in or- 
der to unlock the hidden entanglement from a separable 
mixed state of two subsystems an additional bit or bits 
of classical information is needed to determine which en- 
tangled state is actually present in the mixture. However 
no strategy was presented in order to extract this infor- 
mation from the system of interest or the environment. 
Latter, to retrieve the entanglement, the localization pro- 
tocols [1, H, EH EL E2| have been introduced working on 
the principle of getting some nonzero amount of bipar- 
tite entanglement from some multipartite entanglement. 
That means performing some kind of operation on the 
multipartite system (or on its part) may induce bipartite 
entanglement between subsystems of interest. 

We can say that the entanglement breaks because it 
is so inconveniently redistributed among system of inter- 



est and environment that it is transformed into gener- 
ally complex multipartite entanglement. Entanglement 
can be localized back for the further application just 
by performing suitable measurement on the surrounding 
system and the proper feed-forward quantum correction. 
The measurement and feed-forward operation substitute, 
at least partially, a full inversion of the coupling which 
requires to keep very precise interference with the sur- 
rounding systems. For many-particle systems, the maxi- 
mal value of the localizable entanglement depends on the 
coupling and also on initial states of surrounding systems. 

To understand the mechanism of the entanglement lo- 
calization, we simplify the complex many particle cou- 
pling process to a set of sequential couplings with a sin- 
gle particle representing an elementary surrounding sys- 
tem E [13 ]: see FIG. [TJ Then, our focus is just on the 
three-qubit entanglement produced by this elementary 
coupling of one qubit from maximally entangled state of 
two qubits A and B to a third surrounding qubit E. Be- 
fore the coupling to the qubit B, we have typically no 
control on the quantum state of qubit E, hence consid- 
ered to be unknown. Further, the qubit E is typically 
not interfering or weakly interfering with the qubit B. 
Recently Sciarrino et al. [lj| reported the entanglement 
localization after the coupling to an incoherent noisy sys- 
tem. 

In this paper, we report the study in depth of the key 
role of two-photon interference in the process of entan- 
glement localization presented in our previous paper [l4j . 
In particular we focus on the theory of the localization 
protocol, both considering a distinguishable and an in- 
distinguishable photon coupling with the environment. 
The experimental implementation of such processes will 
be presented as well, with large attention to the experi- 
mental setup. In order to carry out our analysis on the 
dynamic of the localization protocol, we have considered 
a simple process for the interaction between the signal 
photon and the surrounding one. To be specific, we as- 
sume a polarization insensitive linear coupling between 
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FIG. 1: (Color online) a) Schematic representation of the 
localization protocol, b) Detailed representation of the three 
steps of the localization procedure. 



distinguishable or partially distinguishable surrounding 
unpolarized single photon E and single photon B from 
the photon pair A, B maximally entangled in the polar- 
ization degree of freedom. After this coupling, the state 
of two entangled photons A, B turns to be a mixture of 
the two-photon maximally entangled state and the sep- 
arable two unpolarized photons. For some value of the 
coupling, this state gets separable and the entanglement 
is completely redirected to the surrounding system. We 
theoretically prove that for any linear coupling, it is al- 
ways possible to localize a non-zero entanglement back 
to the photon pair A, B just by a polarization sensitive 
detection of the photon E. Interestingly, this qualita- 
tive result can be obtained irrespectively to the level of 
distinguishability and noise in the surrounding photon 
E. We discuss the impact of distinguishability in the 
entanglement localization more in details and give phys- 
ical explanation of the differences between the localiza- 
tion for distinguishable or partial distinguishable photon 
E. The performance of this localization can be further 
enhanced usin g a, simple sin gle-cop y distillation method 
EDI El, El El III [Ill2l|j2i,|2l HI , up to a state violat- 
ing Bell inequalities [2a, |26| , independently on the noise 
and distinguishability of the photon E. 

The paper is organized as follows. In Sec. II we discuss 
theory of the polarization entanglement localization, for 
a comparison, first for the coupling of fully indistinguish- 
able photons (Sec. II. A) and then for realistic linear cou- 



pling of partially distinguishable photons (Sec. II. B). In 
Sec. Ill, the experimental results are discussed in details. 
The Sec. III. A describes the experimental setup and the 
state preparation. The Sec. III.B contains the experi- 
mental result about the localization for the coupling of 
fully distinguishable photons, the Sec. III.C presents the 
results of localization for the coupling of indistinguish- 
able photon whereas the Sec. III.D reports on results of 
localization for the coupling of partially indistinguishable 
photons. The summary is done in the Conclusion. In the 
Appendix A, a modification of the entanglement local- 
ization for the polarizing linear coupling is described. 



II. THEORY 

Let us assume that we generate a maximally entangled 
polarization state \^-}ab = (\HV) - \VH))/V2 of two 
photons A and B. The form of the maximally entangled 
state is not relevant, as the same results can be obtained 
for any maximally entangled state. The first photon is 
kept by Alice and second is coupled to the surrounding 
photon E in an unknown state, pe = 1/2 (completely 
unpolarized state), by a simple linear polarization in- 
sensitive coupling (a beam splitter with transmissivity 
T). After the coupling, three possible situations can be 
observed: both photons B and E go simultaneously to 
either mode k' B or mode k' E , or only a single photon is 
separately presented in both output modes k' B or k' E (see 
FIG. [T]). We will focus only on the last case, that is a 
single photon output from the coupling. In this case, 
it is in principle not possible to distinguish whether the 
output photon is the one from the entangled pair (B) or 
the unpolarized photon E. We investigate in detail, the 
impact of the distinguishability of the surrounding sys- 
tem on the localization procedure. Note that the system 
E can be also produced by the entanglement source and 
then coupled to the entangled state through a subsequent 
propagation. Therefore, it is not fundamentally impor- 
tant whether E is produced by truly independent source 
or not. 



A. Coupling of indistinguishable photons 

To understand the role of partial distinguishability in 
the entanglement localization, let us first assume that 
both photons B and E are perfectly indistinguishable. 
Then, if both the photons leave the linear polarization- 
insensitive coupling separately, the coupling transforma- 
tion can be written for any polarization state \^)b as: 



|*>S|*>B 

|*>b|*x)b 



(T-R)\H!) B \*) E , 

T|*> B |*x) B -i?|*x) B |*)B. 



(1) 



Both the singlet state \^-)ab as well as pe can be writ- 
ten in the general basis \^>) and \ i f?±), namely: \^-)ab = 
(\^±)ab - \^±^)ab)/V2 and p E = (|*)b<*| + 
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|*_l)b(*_l|)/2. Therefore, it is simple to find that the 
output state a( nd (tracing over photon E) is exactly a 
mixture of the entangled state with the unpolarized noise 
(Werner state) [27j] : 



ind 



4Fm t V -)-4B(*-|+ (1 !" md h A ®tB, (2) 



where the fidelity Find , that is the overlap with the singlet 
state \^-}ab, takes values < F ind < 1 and reads: 



Find 



(f -3T) 2 



4(1-3T(1-T))' 



(3) 



The state is entangled only if 1/2 < F < 1 and the 
concurrence [II] reads C in d = 2F ind - 1. If F ind < 1/2 
the entanglement is completely lost and the state © is 
separable. The explicit formula for concurrence is 



CL d = max ( 0, 



3T 2 



2(1-3T(1-T)) 



(4) 



The probability of this situation is P- nd = 
(T 2 + (T - R) 2 + R 2 ) /2 and the condition for en- 
tanglement breaking channel is T < l/v3- In order 
to achieve a maximal violation of Bell inequalities [29| . 
we have to refer to the quantity B\ nd given by the 
expression 



Bind — 



2V2T|1 - 2T\ 
1 -3T(1-T) 



(5) 



The violation appears only for T > 0.68, imposing a con- 
dition on the coupling even more strict. 

More generally, all the result that will be presented 
in the paper can be directly extended for general pas- 
sive coupling between two modes. It can be represented 
by Mach-Zehnder interferometer consisting to two unbal- 
anced beam splitters (with transmissivity T% and T2) and 
two phase shifts —<fi and <fi separately in arms inside the 
interferometer. All the results depends only on a single 
parameter: the probability T that the entangled photon 
will leave the coupling as the signal, which is explicitly 
equal to: 

T = Ti + T 2 - 2T X T 2 + ^/T 1 T 2 R 1 R 2 cos 20. (6) 

Thus all results, here simply discussed for a beam splitter, 
are valid for any passive coupling between two photons. 

After the measurement of polarization on photon E, 
let us say by the projection on an arbitrary state \^)e, 
the state of photons A, B is transformed into 



and P(* d —T 2 + (T- R) 2 + R 2 . Calculating the concur- 
rence as measure of entanglement, we found 



a 
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1 



-/ - pTT (( T " + ( T - R f)\ T )( T \ + i? 2 |*±*±X*±*±l) 

ind 



(7) 

where the state |T) represents the unbalanced singlet 
state: 



\T) 



1 



^JT 2 + (T- R) 2 



(T| - (T-R)\V ± V)) 



(8) 



riii _ 



T\2T- 1| 
1 - 3(1 -T)T 



(9) 



which is always larger than zero if T 7^ 0, 1/2. It is worth 
notice that, irrespective to polarization noise in the qubit 
E, it is possible to probabilistically localized back to the 
original photon pair A and B a non-zero entanglement 
for all T ^ 0,1/2. 

The basic principle of this process can be understood 
by comparing Eq. ^ and Eq. |(7J| . The unpolarized noise 
in Eq. Q has been transformed to a fully correlated po- 
larized noise in Eq. ([7]) just by the measurement on E. 
This measurement can be arbitrary and does not depend 
on the coupling strength T. Thus, it is not necessary to 
estimate the channel coupling before the measurement. 
The positive result comes from the observation that a 
fully correlated and polarized noise is less destructive to 
maximal entanglement than the completely depolarized 
noise. Further, the entanglement localization effect per- 
sists even if an arbitrary phase or amplitude damping 
channel affects photon E after the coupling. If there is 
still a preferred basis in which the same classical corre- 
lation can be kept, it is sufficient for the entanglement 
localization. Unfortunately, the localized state is entan- 
gled but the localization itself is not enough to produce a 
state violating Bell inequalities. The maximal Bell factor 
Bind * s identical to §5§ although the state has completely 
changed its structure. 

However if T is known then the entanglement of state 
and the Bell inequality violation can be further in- 
creased by the single-copy distillation 
a local polarization filter can be used to get the balanced 
singlet state in the mixture. An explicit construction 
of the single local filter at Bob's side is given by |^) — > 
(T-R)/T\V), |* ± > -> |* ± > forT > 1/3. IfT < 1/3 then 
a different filtering |*> -> |*>, -> T/(T - R)\^±) 
has to be applied. Thus the Werner state © is con- 
ditionally transformed to a maximally entangled mixed 
state (MEMS) P, Hi HI H3] : 



((r-^) 2 |^_)(^_| + ^ 2 |^^)(^^|) 

(T - R) 2 + R 2 



(10) 



where the probability of success is given by (T—R) 2 +R 2 . 
Due to symmetry, the same situation arises if the state 
\ i f?±) is detected, just replacing the state \& «-> If the 
local filtering on Bob's side is applied according to the 
projection, it is possible to reach the MEMS with twice 
of success probability. Now, a difference between Eq. fTO]) 
and Eq. Q is only in an additive fully correlated polar- 
ized noise. Such result can be achieved by an operation 
on the photon B, while a processing on other photon is 
not required. 

Further local filtration performed on both photons A 
and B can give maximal entanglement achievable from 
a single copy. Both Alice and Bob should implement 
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the filtration |*) -> |*> and |^_|_) -> v^|*j 
< e < 1. The filtered state is then 



a 



in 



1 



ind 



i) 2 l*->(*-|- 



e 2 (l-T) 2 |* ± * ± )<* ± * x |) 



where 



(11) 



where P.^/ 



(e(2T - l) 2 + e 2 (l - T) 2 ) /4 is probability 



of success. The state has the following concurrence for 
T ^ 0,1/2 



1 r ( 1 ~ T ) 2 .. 
1 ^ t 2(l-2T) ;! 



(12) 



As e goes to zero, the concurrence approaches unity, ex- 
cept for T = 0, 1/2, where it vanishes. Thus we can get 
entanglement arbitrarily close to its maximal value for 
any T (except T = 0,1/2). For T = 1/2, it could not 
appear due to bunching effect between the photons at 
the beam splitter. Such result can be achieved since we 
can completely eliminate the fully correlated polarized 
noise, which is actually completely orthogonal to the sin- 
gle state |\&_). We stress once again that maximal en- 
tanglement was probabilistically approached irrespective 
to the initial polarization noise of the photon E, just by 
its single-copy localization measurement and single-copy 
distillation. 

If e — * we get simply B*££ — 2\/2 for any T, ex- 
cept T = 0, 1/2. Since the maximal entanglement allows 
ideal teleportation of unknown state we can conclude 
that the linear coupling to the distinguishable photon 
even in an unknown state could be practically proba- 
bilistically reversed. It is interesting to make a compar- 
ison with the deterministic localization procedure. To 
achieve it, we need perfect control of the state of pho- 
ton E before the coupling. We can know it either a 
priori or by a measurement on the more complex sys- 
tems predicting pure state of E. Being \^)e the state 
of E after coupling, three-photon state is proportional to 
\^)a (T|* ± *) bb - R\*V±)be) - {T-R)\y ± W) ABE . 
This belongs to not-symmetrical W-state, rather than to 
GHZ states, therefore the maximal entanglement can not 
be obtained deterministically. It can be done by the pro- 
jection on \^)e followed by the single-copy distillation. 
From this point of view, the unpolarized noise of photon 
E does not qualitatively change the result of the local- 
ization, but only decreases the success rate. 



B. Coupling of partially distinguishable photons 

Up to now, we have assumed that both photons B 
and E are indistinguishable in the linear coupling. On 
the other hand, if they are partially or fully distinguish- 
able), then it is in principle possible to perfectly filter 
out surrounding photons from the signal photons after 
the coupling. Although they are in principle partially 
or fully distinguishable, any realistic attempt to discrim- 
inate them would be typically too noisy to offer such 
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FIG. 2: Concurrence for indistinguishable photon E (p = 1): 
C( nd without measurement (dotted), C\^ d with measurement 
(dashed), C\^\ with measurement and LOCC filtration (full), 
for e = 0.005. 
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FIG. 3: Concurrence for distinguishable photon (p = 0): 
C dis without measurement (dotted), C I dia with measurement 
(dashed), C d H with measurement and LOCC filtration (full) 



information. Here we are interested in the opposite sit- 
uation, when distinguishable photon B and surrounding 
photon E cannot be practically distinguished after the 
coupling. It is an open question whether the entangle- 
ment localization method can still help us. For simplicity, 
let us assume a mixture of the previous case with a sit- 
uation where both the photons B and E are completely 
distinguishable. The state is mixture pcrmd + (1 — p)pdis, 
where only with probability p the photons are indistin- 
guishable. After the coupling and tracing over photon 
E, the output state is once more a Werner state ([2]) with 
fidelity 



F(p) 



(4p + 5)T 2 -2(2p+l)T+l 
4(l-(2+p)T(l-T)) 



(13) 



and success probability P(p) = 1 — (2 • 
concurrence is given by C(p) — 2F(p) 
ment between A and B is lost if 



p> 



T 2 + 2T - 1 
2T(1-T) 



-p)T(l-T). The 
1 . The entangle- 



(14) 
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and thus for T < y2 — 1, the entanglement between A 
and B is lost for any p. The maximal Bell factor 



B(p) = 2V2T 



\T~p(l~T)\ 
l-(p + 2)(l-T)T 



(15) 



gives violation of Bell inequalities only if p £ [0, 1] satis- 
fies 



V 



< V2- 



1 1 + V2 



1-T T 



(16) 



Let us discuss first the entanglement localization for 
the fully distinguishable photon case (p = 0). In this 
limit, after the coupling the fidelity reads: 



5T 2 _ 2T + 1 
4(1-2T(1-T))' 



(17) 



and the concurrence and the maximal violation of Bell 
inequalities are 



j _ T 2 + 2T - 1 
°<«« - 2(1 - 2T(1 - T)) ' 



r 2 



'T 2 + (l-T) 2 ' 
(18) 

The concurrence vanishes for T < \/2 — 1 and the 
violation of Bell inequalities disappears for T < 1 + 

^ (l - V 7 ! + 72) ~ 0.608. In both cases, the thresh- 
olds are lower than for the coupling of indistinguishable 
photons; the distinguishability of photon E leads to less 
robust transmission of the quantum resources. 

If the projection on \^)e is performed on the envi- 
ronmental photon after the coupling, the resulting state 
reads 
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l/2 fl ) 
(19) 

where Pj£ = (T 2 + i? 2 )/2. Clearly, the additive noisy 
term in the Eq.(|19[) is separable and the full correlation 
in the partially polarized noise does not arise here, in 
comparison with the fully indistinguishable case. Except 
for T = 0, this state is exhibiting non-zero concurrence 



II 



T 2 



2T 2 _ 2T + 1 



(20) 



which is a decreasing function of T. The state just after 
the localization does not violate Bell inequalities, since 
the maximal Bell factor is the same as after the mixing 

jdII _ r7 
a dis — °dis- 

Similarly to the previous discussion, projecting on 
Ei we get an identical state, only replacing \& <-> \]/_|_. 
This means that even for completely non-interfering pho- 
tons B and E, a polarization measurement on the photon 
E can localize entanglement back to photons A and B. 
To approach it with maximal success rate, local unitary 
transformations doing W have to be applied if 

is measured. Similarly to previous indistinguish- 
able case, the photon E is not affected by the amplitude 



or phase damping channel. It is only important to keep 
a preferred basis without any noise influence. 

The physical mechanism which models the localization 
process for coupling of distinguishable photons is differ- 
ent from the previous case. Here, the three-photon mixed 
state after the coupling is proportional to 

T 2 Y$! -) AB 

describing just a random swap of the photons B and E 
at the beam splitter. Although there is no correlation 
generated by the coupling between photons A and B, 
contrary to previous case, still a correlation between pho- 
tons A and E will appear in the second part of expression 
due to the initial entangled state. It is used to condition- 
ally transform the locally completely depolarized state of 
photon A to a fully polarized state. Of course, it does 
not have any impact on the local state of photon B. But 
it is fully enough to localize entanglement for any T after 
the projection on photon E. It is rather a non-local cor- 
relation effect where the polarization noise is corrected 
not at photon B but at photon A. 

The entanglement can be further enhanced using local 
filtration and classical communication; in the limit e — > 
and introducing optimal filtering given by 



|*L*> 



T 



V2T 2 - 2T + 1 
e|*_L*±) 



|#L#) 



(22) 



(whereas all other basis states are preserved) the final 
state approaches 



P'dll = oI**±>Ab(**±| + 77|*±*>Ab(*±*| 



T 



(|**_ L )(^_ L *|+h.c.).(23) 



2V2T 2 - 2T + 1 

The filtrations turns the state (|19[) into state (|23p which 
appears as a result of the action of phase damping chan- 
nel on the input singlet state. The filtrations eliminated 
the noise component | v I / _l , I , _l)ab(^ , _l^'_l| from the state 
(HHJ) and this ensures the violation of Bell inequalities for 
the final state (l23l). 



The concurrence approaches C|// = yC^ s , at cost of 

a decreasing success rate. But, at contrary to the case of 
two perfectly interfering photons, maximal entanglement 
cannot be approached for any T < 1. This is caused by 
lack of interference in the entanglement localization for 
distinguishable photons. Of course, the collective proto- 
cols can be still used, since all entangled two-qubit states 
are distillablc to maximally entangled state [15| . 
A maximal value of the Bell factor 



r>III 

°dis 




rp2 



T 2 + (l-T) 2 



(24) 



can be achieved if e — > for any T. Although Bell in- 
equalities are violated in this case for any T > the full 
entanglement cannot be recovered at any single copy. 
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Also here it is instructive to make a comparison with 
the case in which the photon E is in the known pure 
state Y&)e- Then after the coupling the three-photon 
state is proportional to T 2 |*_) j4B (*_| ® \$>) E {^\ + 
R 2 \^-)ae(^~\ ® \^}b(^\ and after the projection on 
\^) E , it transforms toT 2 \^-) AB {^-\ + ^R 2 \^±)A{^±\^ 
|^)s(\E'|. Since both the contributions are not orthogo- 
nal there is no local filtration procedure which could fil- 
ter out the |\&-)ab from the noise contribution. There- 
fore, although we could have a complete knowledge about 
pure state of the photon E, its distinguishability does not 
allow to achieve maximal entanglement from the single 
copy distillation. 

For the mixture of both the distinguishable and indis- 
tinguishable photons, the concurrence after the measure- 
ment is 



C\p) =max 0, 



\(l+p)T 2 - P T\ 
1 - (2 + p)T(l-T) 

which is positive if p ^ T / (1 — T) and 

l — T T 

V < 



T 



1-T 



(25) 



(26) 



Except T = 0,p/ (1 +p), the last condition is always sat- 
isfied since right side has minimum equal to two. Even 
if the noise is a mixture of distinguishable and indistin- 
guishable photons, it is possible to localize entanglement 
just by a measurement for almost all the cases. After the 
application of LOCC polarization filtering, the concur- 
rence can be enhanced up to 



C m (p,e) 



2T 2 \T - p{l - T)\ 



y/i -2(l+p)(l -T)T(e(l - T) 2 + 2T 2 ) 

(27) 

In the limit of e — ► 0, it approaches 



C IU {p) =max I 0, 



\T-p(\-T)\ 



v/l-2(l+p)T(l-T) y 



(28) 



which is plotted at the top of FIG. |U The maximal 
entanglement can be only induced for p = 1. Compar- 
ing both the discussed cases of the indistinguishable and 
distinguishable photons, it is evident that it can be ad- 
vantageous to induce indistinguishability. For example, 
if they are distinguishable in time, then spectral filter- 
ing can help us to make them more distinguishable and 
consequently, the entanglement can be enhanced more by 
local filtering. 



For partially indistinguishable photons given by pa- 
rameter p, we get the same value of the Bell factor 
after the measurement stage as after the mixing stage 
B II (p) = B I (p). In the range of parameters p and T 
where B 1 (p) < 2 we are not able to violate the Bell in- 
equalities just by measurement although the state just 
after the measurement changed its structure. The phys- 
ical reason is that the difference between polarized and 
unpolarized noise is not enough to guarantee violation 
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FIG. 4: Top plot shows maximal concurrence C ln (p) and 
bottom plot maximal violation of Bell inequalities B III (p) 
for the localized state. 



of Bell inequalities. We can cross the border of viola- 
tion of Bell inequalities by performing local single-copy 
filtration operations generally on both sides. We apply 
the two stage filtration operations as stated previously. 
If the filtration parameter 



J 



e G 



2T 2 I yjl — 2(p + 1)(1 — T)T — \T-p(l-T)\) 2T 2 ( ^/l - 2(p +!)(!- T)T + \T-p(l-T)\ 



(T - l)V±-2(p+l)(l-T)T 



(T - l)Vl-2(;p+l)(l-T)T 



(29) 
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then we get following Bell factor 

4y/2T 2 \p(T — l)+T\ 



Alice 



B lu (p,e) 



y/2(p+l){T-l)T+l (2T 2 + (T - l) 2 e) 

(30) 

otherwise we get 



B Jn (p,e) 



2T 2 + (T- l) 2 e 



( 31 ) 

The particular cases of Bell factors given previously can 
be obtained from the above relations setting p = (p = 
1) for coupling of distinguishable (indistinguishable) pho- 
tons and additionally the maximal value of the Bell factor 
is obtained if e goes to zero. In order to get violation of 
the Bell inequalities B III (p,e) > 2 the filtration param- 
eter needs to be for the (l30l) e < 



T 2 (p(T-l)+T) 2 



and for the (ED e < 



2T J 
JT=T) 



2(T-l) 2 (2(p+l)(T-l)T+l) 
V2b(T-l)+T| _ , | T]) 



^2(p+l)(T-l)T+l 

both the cases, value of e should rapidly decrease as T 
is smaller. In other words, it means that for a given e, 
the state violates Bell inequalities only if p is sufficiently 
large. For any p and T, there is always some e > below 
the region given by (|2"9")) . therefore as e — > 0, the maximal 
violation 



B IH (p) = 2 




(32) 



comes from the Eq. (|30l) since it is higher than the limit 
expression from Eq. (|31|) . The maximal violation of Bell 
inequalities is plotted at the bottom of FIG.|H Generally, 
for e > we have to compare the (I3U1) and (|3"Tj) to find 
out which gives higher B IH {p). 



III. EXPERIMENTAL IMPLEMENTATION 

Let us now describe the experimental implementation 
of the localization protocol both for fully distinguishable 
and partially indistinguishable photons. 



A. Experimental setup 

The main source of the experiment is a Ti : Sa mode- 
locked pulsed laser with wavelength (wl) A = 795nm, 
pulse duration of 180/s and repetition rate 76MHz: 
FIGJ51 A small portion of this laser, breveted with a low 
reflectivity mirror M, generates the single photon over 
the mode &e using an attenuator (ATT). The trans- 
formation used to map the state \H) E into pe = is 
achieved either adopting a Pockels cell driven by a si- 
nusoidal signal, either through a stochastically rotated 
A/2 wave plat e inserted on the mode fee during the ex- 
periment [33|] . The main part of the laser through a sec- 
ond harmonic generation (SHG) where a bismuth borate 




LASER 



DM M 



FIG. 5: (Color online) Schematic representation of the ex- 
perimental setup. The dashed boxes indicate the polarization 
analysis setup adopted by Alice and Bob. 



(BiBO) crystal j34[ generates a UV laser beam having 
wave- vector k p and wl A p = 397. 5nm with power equal to 
800mlT. A dichroic mirror (DM) separates the residual 
beam at A left after the SHG process from the UV laser 
beam. This field pump a 1.5mm thick non-linear crystal 
of /3-barium borate (BBO) cut for type II phase-matching 
that generates polarization maximally entangled pairs of 
photons. The spatial and temporal walk-off is compen- 
sated by inserting a ^ waveplate and a 0.75 mm thick 
BBO crystal on each output mode kA and ks [IH. The 
photons of each pair are emitted with equal wavelength 
A = 795nm over the two spatial modes kA and ks- In 
order to couple the noise with the signal, the photons on 
modes fc^ and ks are injected in the two input arms of 
an unbalanced beam splitter BS characterized by trans- 
missivity T and reflectivity R = 1 — T. A mutual delay 
At, micrometrically adjustable by a two-mirrors optical 
"trombone" with position settings Z = 2c At, can change 
the temporal matching between the two photons. Indeed, 
the setting value Z = corresponds to the full overlap of 
the photon pulses injected into BS, i.e., to the maximum 
photon interference. On output modes ks' and ks> the 
photons are spectrally filtered adopting two interference 
filters (IF) with bandwidth equal to 3nm, while on mode 
kA the IF has a bandwidth of 4.5nm. 

Let us now describe how the measurement on the envi- 
ronment has been experimentally carried out. According 
to the protocol described above, the photon propagat- 
ing on mode fogy is measured after a polarization anal- 
ysis realized through a -| and a polarizing beam split- 
ter (PBS). In order to restore the optimum value of en- 
tanglement according to theory, a filtering system has 
been inserted on kA and ks' modes. As shown in FIG[5j 
the filtering is achieved by two sets of glass positioned 
close to their Brewster's angle, in order to attenuate 
one polarization in comparison to its orthogonal. The 
attenuation over the mode fcj for the H— polarization 
(V— polarization) reads Af (AY). By tuning the inci- 
dence angle, different values of attenuation {A?} can be 
achieved. Finally, to verify the working of the overall 
protocol, the emerging photons on modes kA and kB> are 



8 



analyzed in polarization through a -| waveplate (wp), a 
j and a PBS. Then the photons are coupled to a single 
mode fiber and detected by single photon counting mod- 
ule (SPCM) {D A ,D A >,D B ',D B }. The output signals of 
the detectors are sent to a coincidence box interfaced 
with a computer, which collects the double coincidence 
rates {[D A ,D B ], [D A ,D B >], [D A r,D B ], [D A ,,D B ,]) and 
triple coincidence rates ([D a ,D b ,De], [D a ,Db>,De], 
[D A ,D b ,De], [D a > ,Db',De])- The detection of triple 
coincidence ensures the presence of one photon per mode 
after the BS. In order to determine all the elements of 
the two-qubit density matrix, an overcomplete set of ob- 
servables is measured by adopting different polarization 
settings of the -| wp and -| wp positions [36| . The uncer- 
tainties on the different observables have been calculated 
through numerical simulations of counting fluctuations 
due to the Poissonian distributions. Here and after, we 
will distinguish the experimental density matrix from the 
theoretical one by adding a "tilde" ™ 

As first experimental step, we have characterized the 
initial entangled state generated by the NL crystal on 
mode k A and k B , that is the signal to be transmit- 
ted through the noisy channel. The overall coincidence 
rate is equal to about 8.000 coincidences per second. 
The experimental quantum state tomography of p 1 ^ 
is reported in FIGjTJ-a, to be compared with the the- 
oretical one p% = \9 in ) AB <* in | AS > where |* in ) = 
(\HV) +i\VH))/y/2 (FIGH-a). Although the generated 
state differs from the singlet state, all the conclusions 
from the previous section remains valid. We found a 
value of the concurrence C m = (0.869 ± 0.005) and a 
linear entropy Sj n = (0.175 ± 0.005), where the un- 
certainty on the concurrence has been calculated ap- 
plying the Monte-Carlo method on the experimental 
density matrix. The fidelity with the entangled state 

\&») AB is ?(j% B , \^ m ) AB ) = (^ m \ AB P^ B \V m ) AB = 

(0.915 ± 0.002). The discrepancy between theory and 
experiment is mainly attributed to double pairs emis- 
sion. Indeed by subtracting the accidental coincidences 
we obtain a concurrence equal to C' in = (0.939 ± 0.006) 
and a linear entropy of S' ln = (0.091 ± 0.006). The fi- 
delity with the entangled state \Psi m ) A B is then equal 
to F'{p A l B , \Psi m ) A B) = (0.949 ± 0.003). Minor sources 
of imperfections related to the generation of our entan- 
gled state are the presence of spatial and temporal walk- 
off due to the non linearity of the BBO crystal as well 
as a correlation in wavelength of the generated pairs of 
photons. 



B. Coupling of distinguishable photons 

The experiment with distinguishable photons has been 
achieved by injecting a single photon E with a randomly 
chosen mutual delay with photon B of At » Ti nc i = 
300/s. We note that the resolution time idot of the de- 
tector is £dct >> At, hence it is not technologically pos- 



sible to individuate whether the detected photon belongs 
to the environment or to the entangled pair. To carry 
out the experiment we adopted a beam splitter with 
T = 0.40 which, according to the theoretical prediction 
(see FIG. [3]), allows to study the entanglement localiza- 
tion process. 

Since multi-photon contributions represent the main 
source of imperfections in our calculations, we have sub- 
tracted their contributions in all the experimental data 
reported for the density matrices of each step of the pro- 
tocol. 

I) Mixing 

Without any access to the environmental photon, af- 
ter the mixing on the BS, once there is one pho- 
ton per output mode, the theoretical input state 
pin _ |\j/"i^v[/ 4Tl | evolves into a noisy state repre- 
sented by the density matrix p dis , written in the basis 
{\HH),\HV),\VH),\VV),} as: 



Pdi. 



4Pl, 



/ a 

P i£ 

-i£ 7 

\ OS 



(33) 



with a = S = R 2 , (3 = 7 = B 2 + 2T 2 , £ = 2T 2 and 
Pdis = R 2 +T 2 , where R = 1— T indicates the reflectivity 
of the beam splitter. This matrix, shown in FIG. (0-1), ex- 
hibits theoretically concurrence C dis = max(0, 2T 2 p T R )■ 
Because of the interaction with noise, 



Pdi 



2Pi 

does not ex- 
hibit entanglement (C dis — 0) and is highly mixed with 
linear entropy equal to S dis = 0.90. Afterwards we ana- 
lyze experimentally how the entangled state is corrupted 
due to the coupling with the photon E. In this case no- 
polarization selection is performed on mode kE- The ex- 
perimental density matrix p dis is shown in FIG.([7]-I). As 
expected, it exhibits C\ is = 0, and S\ is = (0.89 ± 0.01). 
The fidelity with theory is high: F dls = F(^ dis ,p^ ia ) = 



1/2' 



In 



(0.997 ± 0.006), with F(p,a) = Tr 2 (jpajp) 

this case, due to the coupling the entanglement is com 
pletely redirected and no quantum distillation protocol 
can be applied to restore entanglement between photons 
A and B. 

II) Measurement 

As no selection has been performed on the photon E 
before the coupling, a multi-mode photon E interacts 
with the entangled photon B. After the interaction, a 
single mode fiber has been inserted on the output mode of 
the BS in order to select only the output mode connected 
with the entanglement breaking. Let us consider the case 
in which the photon on mode k B is measured in the state 
\H)e- After the measurement, the density matrix p I dis 
evolves into an entangled one described by the density 
matrix p d [ s 



II 

Pdis 





J_ I /3 i£ 

4PJI I -i£ 7 

s 



(34) 
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where S = R 2 , /3 = T 2 , 7 = R 2 + T 2 , £ = T 2 : FIG.© 
II). In this case the concurrence reads C^[ s = -^prr with 

dis 

TT P' 

PdL = — 2^- The entanglement is localized back for all 
the values of T ^ {0, \} but, as shown in the graph, the 
elements of the matrix are fairly unbalanced. Accord- 
ing to theory, we expect a localization of the entangle- 
ment with Cfc s = 0.32, and success rate P^ s = 0.27. 
Experimentally we obtain C% a = (0.19 ± 0.02) > 0, a 
fidelity with the theoretical density matrix pJ- equal to 
FU = (0.96 ±0.03), while the mixedness of the state de- 
creases Sm s = (0.72±0.02) to be compared to theoretical 
prediction Slf s = 0.74 . This is achieved at the cost of 
a probabilistic implementation where the probability of 
success reads: Pj/ S = (0.26 ± 0.01). 




II). After filters Fa and Fb, the density matrix reads: 


















e/3 


iei 








-H 


eP 














e 2 S 



where /3 = T 2 , 5 — i? 2 , £ = ^=== . The concurrence 
reads C$// = 2 ep+e i 5 wrme the probability of success of 
the protocol is equal to PUJ = 2e[3+e 2 5. The intensity of 
filtration is quantified by the parameter < e < 1, con- 
nected to the attenuation of V polarization. The con- 
currence has a limit for asymptotic filtration (e — > 0) 
lower than unity and maximal entanglement cannot be 
approached. Of course, the collective protocols can be 
still used, since all entangled two-qubit state are distil- 
lable to a singlet one. By setting the following atten- 
uation values A V A = 0.33, A^ = 1, the theory predicts 
the achievement of p 1 ^ (FIG.([6]-III)) with the mixedness 
S^l = 0.76 and the concurrence C£f = 0.42. The prob- 
ability of success of the filtration operation is PjfJ = 0.43 
leading to an overall probability of success of the entan- 
glement restoration P total = Pj&PjfJ = 0.12. The high- 
est concurrence value which can be obtained with the 
coupling T = 0.40 is equal to C = 0.55 for P to tai — > 0. 
Experimentally we achieve the state shown in FIG.([7]- 
III with a fidelity Fj// = (0.89 ± 0.06) and measure a 
concurrence equal to C^J = (0.28 ± 0.02) > C% a while 

PlI/Pll = (0-11 ± 0.01) and SZ 1 = (0.70 ± 0.02). The 
experimental results shown above demonstrate the local- 
ization protocol validity, indeed a channel redirecting en- 
tanglement can be corrected to a channel preserving rel- 
atively large amount of the entanglement. 

Let's explain the choice of introducing experimentally 
just one set of filtration instead of two. The glasses close 
to Brewster's angle attenuate the V polarization. Let e 
be the intensity of attenuation, the \VH) element of the 
density matrix will be attenuated by a factor y/e. Even 
if the theory expects an element \HH) close to zero, in 
the experimental case we obtain a non-zero element due 
to the intensity of the coherent radiation, revealed by 
double photons contributions. Hence a filtration of e on 
both modes, since it introduces an attenuation of e on 
the element \VV) and of y/e on both the elements \HV) 
and I VH) , would bring to a wider comparability between 
\HH) and \HV) elements, leading to a lower concurrence. 



FIG. 6: (Color online) Theoretical density matrix for distin- 
guishable photons, enlightening the evolution of p through 
each step of the entanglement localization protocol. 

Ill) Filtration 

The filtration is introduced onto the mode fc^ and ks, 
attenuating the vertical polarization, in order to increase 
the concurrence and symmetrizing the density matrix by 
a lowering of the |V r l / )(V r V A | component in p 1 /^: FIG. ([!)]- 



C. Coupling of indistinguishable photons 

In order to exploit the regime where our localization 
protocol works best, we let the signal photon and the 
noise one be spatially, spectrally and temporal perfectly 
indistinguishable in the coupling process. A good spa- 
tial overlap is achieved by selecting the output modes 
through single mode fibers. 

I) Mixing. 
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FIG. 7: (Color online) Experimental density matrix for dis- 
tinguishable photons: a) p in , I) p r dia , II) p% a , III) p%%. For 
each tomographic setting the measurement lasts from 5 s (a) 
to 30 minutes (III), the last case corresponding to about 500 
triple coincidence. Contributions due to triple accidental co- 
incidences have been subtracted from experimental data. 
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FIG. 8: (Color online) Theoretical density matrix for perfectly 
indistinguishable photons interacting on the BS. 



In the fully indistinguishable photons regime, we in- 
dicate with o\ nd the density matrix after the mixing on 
the BS, which is separable for T < l/\/3, as shown in 
FIG. [U The output state is a mixture of the initial state 
|* m )(^" l | and the fully mixed one [27|: FIGHl. 



ind 



^ r ind 



a 

(3 

-it, 7 

5 



(36) 



with a 



R 2 , (3 = 7 = T 2 + {T-R) 2 1 £ = —T(T—R) 



II) Measurement. 

A measurement is carried out on the environmental 
mode through the projection on \H)e'- Thus the state 



£j evolves into cr//j 



ind 




1 I (3 if 

1 6 



(37) 



with /3 = T 2 , 7 = T 2 + {T-R) 2 , S = R 2 ,£ = -T(T-R). 
The state is conditionally transformed into a maximally 
entangled state (MEMS) [37|: see FIG. ©11). In particu- 
lar, it is found C& = ^ and pn = g±g^!±rf , 
III) Filtration 

Due to the strong asymmetry of crf T { d a filter is intro- 
duced either on Alice or Bob mode, depending on the 
value of T. If T > |2T — 1|, filter F B acts on Bob mode, 



as Lff 



B 



2T-1 



H) B , while if T < \2T 



acts on Alice mode, as \V)j 



1|, the filter 
In order to 



increase the concurrence, a second filter is inserted on 
both Alice and Bob mode, which attenuates the vertical 
polarization component: \V) — > y^y). The filters Fa 
and -Fb transform the density matrix into crJ/J: 



Jii 



iPf" 

ind 





ecu iea 

-iea ea 

e 2 S 



(38) 



where a 



T 2 (5 = 



TR 

R-T 



for T < |2T - II and 
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a = (2T - l) 2 , S = R 2 , for T > |2T — 1|: FIGHlI. The 
concurrence has value C\^\ = 2 ea+e i 8 wnue the probabil- 
ity reads P^J = 2<La \ <L S ■ Hence in the limit of asymp- 
totic filtration (e — ► 0), the concurrence reaches unity 
except for T = 1/2 H3. 

D. Coupling of partially indistinguishable photons 

Let us now face up to a model which contemplates a 
situation close to the experimental one. In fact a per- 
fect indistinguishability between the photons B and E 
is almost impossible to achieve experimentally. We con- 
sider the density matrix tab of the state shared between 
Alice and Bob after the coupling, as a mixture arising 
from coupling with a partially distinguishable noise pho- 
ton. The degree of indistinguishability is parametrized 
by the probability p that the fully depolarized photon E 
is completely indistinguishable from the photon E. 

In order to maximize the degree of indistinguishability 
between the photon of modes ks and Ue mixed on the 
beam splitter BS we adopt narrower interference filters 
and single mode fibers on the output modes. Hence we 
insert interference filters on mode ksr and Hei, with A A = 
l.bnm. Referring to the previous nomenclature, the den- 
sity matrix r can be written as: tab = P&ind + {l—p)pdis- 
As first step, we have estimated the degree of indistin- 
guishability between the photon belonging to mode ks 
and the one associated to kE- This measurement has 
been carried out by realizing an Hong-Ou-Mandel inter- 
ferometer [38| adopting a balanced 50 : 50 beam splitter 
instead of BS. The photons on modes ks> and ks 1 are 
measured in the same polarization state \H). The visi- 
bility of the Hong-Ou-Mandel dip has been measured to 
be V = (0.67 ± 0.02). By subtracting estimated double 
pairs contributions to the three-photon coincidence we 
have obtained a value of the visibility (0.75 ± 0.02). We 
attribute the mismatch with the unit value to a differ- 
ent spectral profile between the coherent beam and the 
fluorescence, which induces a distinguishability between 
photons on the input modes of the beam splitter. From 
the visibility of the dip, we estimate a value of p equal 
to (0.85 ± 0.05). Hence we have checked the Hong-Ou- 
Mandel interference with the unbalanced beam splitter 
BS, and we have obtained a visibility of (0.40 ± 0.02). 
This result has been compared to a theoretical visibil- 
ity V previously calculated considering the expression 
V = = (0.62 ± 0.05) with p as indicated by the 

Hong-Ou-Mandel experiment, and T — 0.3. To carry 
out the experiment the optical delay has been set in the 
position At = 0. The mismatch between the two visi- 
bilities are due to multi-photon contributions. Indeed by 
taking into account the accidental coincidence we have 
estimated V = (0.49 ± 0.03). 

I) Mixing. 

Analogously to what has been showed in the distin- 
guishable case, after the mixing on the BS, once there 
is one photon per output mode, the input state evolves 



Re[f] Im[f] 




FIG. 9: (Color online) Experimental density matrix for par- 
tially indistinguishable photons:r with p = 0.85. II) r , III) 



into a noisy state represented by the density matrix t 1 . 
The experimental density matrix is characterized by a 
fidelity with theory :^F(? i ,t i ) = (0.86 ± 0.02) and van- 
ishing concurrence (Cj = 0). 

II) Measurement. 

After measuring the photon on mode fcg/ , the density 
matrix t 1 evolves into t 11 : FIG.([5]-II). The entanglement 
is localized with a concurrence equal to Cu = (0.15 ± 
0.03) > to be compared with Cu — 0.22; in this case 
the probability of success reads Pn = (0.22±0.01), while 
theoretically we expect Pu = 0.2. The fidelity with the 
theoretical state is F{t u ,t u ) = (0.96 ± 0.01). 

III) Filtration. 

Applying experimentally the filtration with the param- 
eters Aa — 0.12, and Ab — 0.30 we obtain the state 
shown in FIG.([9]-III). Hence we measure a higher con- 
currence Cm = (0.50 ± 0.10) > Cji while the expected 
theoretical value is Cm = 0.47. The filtered state has 
F{t ui ,t iu ) = (0.92 ±0.04), and is post-selected with 

an overall success rate equal to Ptotai = PmPii = 
(0.10 ± 0.01), where theoretically P///P// = 0.09. This 
is a clear experimental demonstration of how an induced 
indistinguishability enhances the localized concurrence. 

IV. CONCLUSION 

In summary, we have discussed the role of distinguisha- 
bility in an elementary polarization entanglement three- 
photon localization protocol, both theoretically and ex- 
perimentally, especially for the cases of total loss of en- 
tanglement. Theoretically, a full indistinguishability of 
noisy surrounding photon and one photon from the max- 
imally entangled state of two photons is a necessary con- 
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dition for perfect entanglement localization. Moreover, 
also for the partially indistinguishable or even fully dis- 
tinguishable photon the localization protocol is still able 
to restore non-zero entanglement. Using local single-copy 
polarization filters, the entanglement can be enhanced 
even to violate the Bell inequalities. The generalization 
of the results to linear polarization sensitive coupling is 
also enclosed. Experimentally, the localization of entan- 
glement is demonstrated for the coupling between fully 
distinguishable photons as well as for the highly (but still 
partially) indistinguishable photons. The restoration of 
entanglement after its previous break was experimentally 
verified, also the positive role of the indistinguishability 
induced by the spectral filters has been experimentally 
checked. These results clearly show the broad applicabil- 
ity of the basic element of the polarization-entanglement 
localization protocol in realistic situations, where the 
surrounding uncontrollable noisy system exhibiting just 
moderate indistinguishability of photons completely de- 
stroys the entanglement due to the coupling process. 
In these cases, the collective entanglement distillation 
method without a measurement on the surrounding sys- 
tem can not restore any entanglement out of the coupling. 

In this paper we extensively discuss the simplest proof- 
of-principlc entanglement localization method with a 
novel focus just to the effect caused by the indistinguisha- 
bility of the single surrounding photon. The entangle- 
ment localization after the multiple single interactions 
with the photons is a natural step of further investigation. 
An open question is whether after such multiple decoher- 
ence events on both sides of the entangled state, non-zero 
entanglement can be as well always localized back just 
by local measurements and classical communication, or a 
collective localization measurement will be required. Fur- 
ther, an extension from fixed number of surrounding par- 
ticles to randomly fluctuating number of the surround- 
ing particles will be interesting. Another interesting di- 
rection is to analyze the entanglement localization after 
another kind of the coupling of partially indistinguish- 
able objects, especially between atoms/ions and light or 
between individual atoms or ions. This gradual inves- 
tigation will give a final answer to an important physi- 
cal question: how to manipulate quantum entanglement 
distributed by the coupling to noisy (in)distinguishable 
complex environments. 



V. APPENDIX A 

To describe a linear coupling (beam splitter) with dif- 
ferent transmissivity for vertical and horizontal polariza- 
tion, we use the amplitude transmissivities t v and th- 
The intensity transmissivities are then Ty — t 2 v and 
Th = t\ and the previous result can be obtained tak- 
ing T = T V = T H . 




FIG. 10: Concurrence before the measurement for indistin- 
guishable (left) and distinguishable (right) couplings. 




FIG. 11: Concurrence after the measurement (left) and after 
the filtration with e = 0.1 (right) for indistinguishable pho- 
tons (indistinguishable coupling). 

A. Coupling of indistinguishable photons 

After the mixing of indistinguishable photons B and E 
on the beam splitter, without any access to the photon 
E, the single state transforms to the mixed state (if two 
photons leave separately) exhibiting the concurrence 

r i mn:: f n 2t v t h \tl-l + tl\-(l-tl)(l-tl) \ 

(39) 

where = (2^ + ( i_ 2 ^)2 + (1 _ 2t 2 ) 2 + 2(1 _^ )(1 _ 
t\))/4: is the success probability. The concurrence is de- 
picted on FIG. 9, there is evidently a large area where the 
concurrence vanishes completely and the entanglement is 
lost between A and B. 

To restore the entanglement a general projection mea- 
surement can be considered on the photon E. But it is 
too complex to find an optimal projection analytically, 
rather the optimal measurement can be find numerically, 
for the particular values of t v and th- On the other hand, 
it is possible to find a sufficient condition to restore the 
entanglement for some particular orientation of the mea- 
surement. Let us assume the projection of the photon 
E on the state \V). Then the state changes and 
exhibits the concurrence 

r ,u _ tht v \l — 2tl\ 

U md ~ TZplJ J l 4U J 

where = (t\t\ + (1 - 2t\f + (1 - t%){\ t*))/4 is 
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the success rate. Such state is always entangled except 
t h = or t 2 v = 1/2,0 and can be further filter out by 

the filter Fl on photon B which makes \V) — > * v t | V) 

for t h > J^ii or by the filter Fl on photon A \H) — » 

2^j-|i/> for i h < |2f »~ 11 and subsequently, the filter F2 
attenuating horizontal polarization \H) — > y/e\H), ap- 
plied to both photons A and B. As result, the state is 
transformed by both types of filtering to a new state with 
the corresponding concurrence 



on the environment. But for this case, optimal filtra- 



e(l-2^) 2 
opin 



ft 2 t 2 

tL v l h 

opin 



(41) 



where P£l 



(2e(l-2t 2 v ) 2 + e 2 (l-t 2 v )(l-t 2 ))/A is 
the success rate of the localization using the first type 
of filtration Fl on photon B and P/// 2 = (2e(t v t h ) 2 + 
e 2 (l - t 2 v )(l - t 2 )/(l - 2t 2 v ) 2 )/A is the success rate of the 
restoration using the second type of filtration on photon 
A. The concurrence approaches unity as e — > 0. The 
similar results can be obtained for the projection of the 
photon E on the state \H), only the substitution th <-> t v 
is necessary. In conclusion, except the cases t 2 ,t\ = 1/2, 
the entanglement can be always localized and enhanced 
arbitrarily close to maximal pure entangled state, at cost 
of the success rate, similarly to previous analysis. The 
concurrences after the measurement and the one after 
the filtration in the localization procedure are depicted 
on FIG. 10. 



tion by Fl and F2 defined as |V) 



■ ; \V) and 



O 0.4 




FIG. 12: Concurrence after the measurement (left) and after 
the filtration with e = 0.1 (right) for distinguishable coupling. 




FIG. 13: Success rate after the filtration with e = 0.1 for 
indistinguishable photons (left) and distinguishable photons 
(right) 



B. Coupling of distinguishable photons 

For distinguishable photons, without any access to the 
photon E, after the mixing at the beam splitter the sin- 
glet state transforms to a state exhibiting the concurrence 



max 



t h t v (t 2 +t 2 v )-(l-t 2 v )(l-t 2 ) 



2 P 1 



(42) 

where P\ l8 = (2(1 - t 2 v ){l - 1\) + (1 - t 2 h ) 2 + t 2 (t 2 + t 2 v ) + 
(1 — t 2 ) 2 + t 2 v (t\ + tl))/A is the probability of success. 
Similarly, there is a large area of the parameters in which 
the concurrence vanishes and the entanglement is lost 
between A and B, as can be seen from FIG. 9. 

Similarly, it is sufficient to localize entanglement by 
the projection of the environmental photon on the state 
\V). After the successful projection, the mixed state has 
concurrence 



r ii 



thtj 

2 pi i ' 



(43) 



where PU 



ttti+tt+a-ti) 2 - 



(l-t 2 „)(l-t2))/4isthe 



success rate of the projection. Except trivial t v ,th = 0, 
the entanglement is always localized by the projection 



\H) — > y/e\H) produces the state with overall probability 
of success Pj// = (2et 2 v t 2 + e 2 (l t 2 v ){\ t 2 ))/4, which 
gives the concurrence 



C*/(e) = 



ez v l h 



2Pi I /VW+0^ r W 

In the limit e — > it gives the maximal concurrence 

SlIII 

c^ 



(44) 



dis 



(45) 



In a similar way as in the symmetrical case, the maxi- 
mal entanglement cannot be approached if the photon E 
is in principle distinguishable. The concurrence before 
and after the filtration is depicted on FIG. 11. Success 
rates after the filtration for both the indistinguishable 
and distinguishable photons are plotted in FIG. 12. 
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